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Abstract This paper is devoted to the study of the stability of the solution map for
the parametric convex semi-infinite optimization problem under convex function per-
turbations in short, PCSI. We establish sufficient conditions for the pseudo-Lipschitz
property of the solution map of PCSI under perturbations of both objective function
and constraint set. The main result obtained is new even when the problems under
consideration reduce to linear semi-infinite optimization. Examples are given to il-
lustrate the obtained results.
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1 Introduction

We will denote by CO(R") the set of all the finite convex functions on R". Let T be
nonempty compact subset of a metric space. C1(R" x T') be the set of all continuous
function g: R" x T — R, such that g,(-) := g(-,¢) isconvex forallt € T.

Consider parametric convex semi-infinite optimization problem PCSI under func-
tional perturbations of both objective function and constraint set on the parameter
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space
P:=COR") x Ci(R" xT)

formulated as follows: For each the parameter p := (f, g), we have the convex semi-
infinite optimization problem

(CSD,: min f(x) subjecttox €C(p),

where
Cp)={xeQ|gx):=g,1) <0, VteT}

is the set of feasible points of (CSI),, and €2 is a closed convex subset of R".

We aim at studying the recent development of parametric convex semi-infinite
optimization. Namely, we will investigate the pseudo-Lipschitz property of the solu-
tion map of PCSI. It is well known that semi-infinite optimization problems naturally
arise in approximation theory, optimal control, and in numerous engineering prob-
lems. Many papers are published every year on theory, methods and applications of
semi-infinite programming and its extensions; see, e.g., [1-22] and the references
therein for more comments and discussions. Especially, solution stability, such as
lower semicontinuity, upper semicontinuity, pseudo-Lipschitz property, metric regu-
larity, has attracted much attention of researchers in last years (see [1-10, 12-17, 21,
22]).

In parametric linear semi-infinite optimization, sufficient conditions for the lower
and upper semi-continuity of the minimal value functions under perturbations of
both objective function and constraint set have been given by B. Brosowski in [2].
M.J. Canovas et al. [3] derived other characterizations of the same properties of the
solution map and optimal value function together with the Lipschitz property of opti-
mal value function. Furthermore, the pseudo-Lipschitz property of the solution map
was investigated in [8] for parametric linear vector semi-infinite optimization prob-
lems under linear perturbations of the objective function and continuous perturbations
of the right-hand side of the constraints. In the framework of parameter convex semi-
infinite optimization problems, sufficient conditions for the metric regularity of the
inverse of the solution map (or, equivalently, for the pseudo-Lipschitz property of so-
lution map) under continuous perturbations of the right-hand side of the constraints
and linear perturbations of the objective function was presented in [5].

The main goal of this paper is to establish sufficient conditions for the pseudo-
Lipschitz property of the solution map of PCSI

S(p):={x"eC(p)| f(&x™) < fx), Vx eC(p)}

under convex functional perturbations of both objective function and constraint set.
The main result obtained in the paper is new even when the problems under consider-
ation reduce to linear semi-infinite optimization. Our result extends the corresponding
result in [5] for convex semi-infinite optimization problems under canonical pertur-
bations.

The paper is organized as follows. In Sect. 2, we recall some basic definitions and
preliminaries from convex analysis and set-valued analysis, and give some auxiliary
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results, which will be useful in next section. In Sect. 3, we present sufficient condi-
tions for the pseudo-Lipschitz property of the solution map of PCSI under convex
functional perturbations of both objective function and constraint set. Moreover, ex-
amples are given to illustrate the obtained results. An application to parametric linear
semi-infinite optimization problems is presented in Sect. 4.

2 Preliminaries and Auxiliary Results

Let us first recall some standard notions from convex analysis and set-valued analysis;
see, e.g., [19, 23-25]. Let (X, d) be a metric space. Given M C X, the closure and
the interior of M are denoted by cI M and int M, respectively. We will use N (x)
to denote the set of all neighborhoods of x € X. The distance from x € X to M is
defined by

d(x, M) :=inf {dist(x, y) | y € M},

where dist(x, y) denotes the distance between two points x and y, and d(x, @) :=
+00.

In particular, when X = R"” (n € N), we will denote by coM and cone M the
convex hull and the convex conical hull of M, respectively. Write cod = { and
cone ) = {0,}, where 0, is the zero vector of R". B stands for the open unit ball
in R", and B(x, p) :=x + pB.

Let F : X =2 Y be a multifunction between metric spaces. The effective domain
and the graph of the multifunction F are given, respectively, by

domF:={xe X | F(x)#0}, gph F:={(x,y) e X xY |ye F(x)}.

Definition 2.1

(i) F is said to be closed at the point x° € X iff for all sequences {x'} in X and {y'}

in Y satisfying x! — x°, y/ — 0,y € F(x) forall i € N, one has y° € F(x?).

(ii) F is upper semicontinuous (usc for brevity) at x° € X iff for every open set V
containing F (x9) there exists Uy € N (x°) such that F(x) C V for all x € Uj.

(iii) F is said to be lower semicontinuous (Isc for brevity) at x% € dom F iff for any
open set V C Y satisfying V N F(x%) # @ there exists Uy € N (x°) such that
V N F(x)#® forall x € Uy.

(iv) F is said to be continuous at x € dom F iff it is both upper semicontinuous and
lower semicontinuous at x°.

(v) F is pseudo-Lipschitz (also called Aubin continuous or Lipschitz-like) at
(x9, y%) € gph F iff there exist U € N'(x?), V € N (y°) and a constant £ > 0,
such that

d(y?, F(xh) < ed(x!, x%,

forall x',x2 € U, and all y2 € V N F(x?).
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Now we define, as in [20], a distance between convex functions in CO(R"). Let
{Kn},_, be asequence of compact sets in R”, such that

o0
K, CintK,41 and R'= U K. 1)
m=1

In particular, we could have considered K,,, = m(clB). Let f, g € CO(R"). First, for
eachm =1, 2, ..., we define

Sm (f, 8) == sup {|f(x) —g(0)[}.

xeK,,

Then we define a metric o on CO(R") by

el i) .
o(f.8) .—r’;zmlwm(f’g) Vf,g € COR"), 2)

which describes the topology of the uniform convergence of convex functions on
compact sets.

Lemma 2.1 [20, Proposition 3.1] Let f € CO(R") and {f"},f":1 C COR™). Then,
o (f*, f) = 0as k — oo, ifand only if f* converges uniformly to f on any compact
subset of R".

Let h: R" — R U {+00} be a proper, lower semicontinuous and convex function.
Denote by ok (x) the subdifferential of f atx € dom f,

Oh(x) :={u* eR" | h(x) — h(X) > (u*, x — ), Vx e R"}.
We denote by Nq(x), the normal cone to 2 C R" at x € cl €,
No(x) ={u*eR" | u*, x —x) <0, Vx € Q}.
The set of active constraints at x € C(p) is defined by
Tp(x)={t €T | g (x) :=g(x,1) =0}

Lemma 2.2 The multifunction T : P x R" =3 T, such that T (p, x) = T, (x), is usc
at every (p°,x°) € P x R™.

Proof The proof is straightforward and so is omitted. g

Let p € P. We say, as in [12], that p satisfies the Slater constraint qualification iff
there exists x € © such that

g(x,)<0 VteT.
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Lemma 2.3 Let p = (f, g) € P. Then, p satisfies the Slater constraint qualification,
ifand only if 0, ¢ co({0g;(X) | t € T, (x)}) + No(X) for all x € C(p) with T, (x) # .

Proof Define the function & : R" — R by h(x) := max;cr g;(x). Obviously, & is
convex on R"” and

C(p)={x e Q[h(x) =0}

Since 4 is a finite-valued convex function, it is continuous. Moreover, for each x €
C(p) with T),(x) # ¥, we have

h(x) :=maxg;(x) =0.
teT

Then p satisfies the Slater constraint qualification, if and only if there is no x € C(p)
with T}, (x) # ¥ such that it is a minimizer of 4 on Q. This is equivalent to

On & 0h(x) + Na(x). 3)
It follows from [19, Theorem VI1.4.4.2] that
dh(x) =co({dg:(x) [t € Tp(x)}). 4)

Combining (3) and (4) we obtain 0, ¢ co({dg,(x) |t € T,(x)}) + Na(x). O
Next, we define the distance between functions in C;(R" x T'), which is given by

000(8.8) == su;w(gz,gz) forall g, g € Ci(R" x T), o
te
where g;(x) := g(x,t), Vx € R" V¢t € T. Then (0, Ci(R" x T)) is a complete
metrizable space. It is well known that the convergence of a sequence { gk},fi 1 C
Ci(R" x T) to g € C{(R" x T) describes the uniform convergence, on T, of the
functions g (x, -) to g(x, -) for every x € R".
From now on, || - || denotes the Euclidean norm in R”. The distance between
two elements p = (f,g) and p = (f, g) belonging to the parameter space P :=
CO(R") x C{(R" x T) is formulated by

doo(p, p) :=max {o (£, f), 000(g, &)}, (6)
where o and o4, are defined as in (2) and (5), respectively.

Lemma 2.4 Let p° = (f9, g% e P. If p* satisfies the Slater constraint qualification,
then C: P = R”" is lower semicontinuous at p°.

Proof Let p° = (f°, g% € P. Let V be an open convex set such that V N C(p°) # @.
Since p° satisfies the Slater constraint qualification and 7 is compact, there must
exist an element x € C( po) and p > 0, such that

LG n<—p Vrel. 7
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Takex e V N C(po) and choose a number € ]0, 1] such that
xpi=x+r(x—x)eV.

By the convexity of C(p®) and V, x,» € V N C(p°) for all r' € [0, r]. It follows from
(7) that

L)<=, ) +rG. )< —r'p VieT, ¥ el0,r]. (8)

It remains to prove that there exists 7 > 0 such that, for every p := (f, g) € P satis-
fying doo (5, p°) < r1p,

VNnC(p)#0D. )]

Take an arbitrary ¢ > 0. Let
B(p, pe) :={p € P | dos(p. p°) < pe}. (10)

Take any p := (f,2) € B(p°, pe). Let {K,,} be a sequence of compact subsets of
R" defined as in (1). Then there exists j € N such that x, € K; for all r € [0, 1]. Let

t € T. Since the function 7 — H-Lr is increasing on [0, +o0[, it follows from (1) that

1 8;(@n8)  _~=1 68i(@.e) . 5
Dot 522_ o =0 (8r, 8)) < 0x(2, 80).

0< =
27 1+8(8, 80 1488, 8Y)

i=1

Obviously, 00 (g, go) <ds(p, po). Hence,

- 0 —
- L a,~<gt,gt)5doo<p,p°><
201488, 80 p p

(5 0
This implies (S’@;%g’) — 0 as ¢ — O forall t € T. Therefore, there must exist r; > 0

and rp €]0, r[ such that §;(g;, g?) <rop for all t € T whenever do(p, po) <rip.
Hence,

8;(3i.80) <rop<rp VteT. (11)

Let x; := x 4+ s(X — x), s € [ro, r]. Clearly, x; € V N C(p"). We have x; € C(p).
Indeed, it follows from (11) that, for every r € T,

g5, 1) — 8%(xs, 1) < sup 18(x, 1) — g%x, 1) =18 (&, &) < rop.

XEKj
Then, by (8),
g, 1) <8 ) +rop<—(s —ro)p <0 VreT.

This implies x; € C(p) whenever doo (p, po) < r1p. Thus C is lower semicontinuous
at p. The proof is complete. O
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Lemma 2.5 Let p° = (f°, g°) € P. Suppose that the following conditions hold:

() pO satisfies the Slater constraint qualification;

(i) S(p%) = (x°).

Then S is lower semicontinuous at p°.

Proof We first show that C is closed at p°. Let {p* = (fk,gk)},fil C P and
{xk}2° | C R" be sequences such that x* € C(p¥), x* — x% and p* — p® as k — oo.

It is sufficient to show that x° € C ( pO). From Lemma 2.1 and the compactness of 7T,
it follows that, for any ¢ > 0, there exist a p > 0 and a positive integer ko such that

184 (x. 1) — g% 0| < % Vx e B, p), Yk > ko, Vi €T.
This implies that

£
0% < 5 +gfk <= Vk=ko, VieT.

N ™

Letting ¢ — 0, we have
L <0 vreT.
Since x¥ € C(p*) c  for all k implies x% € Q, we have x° € C(p?).
We next prove that there is U (p®) € N'(p°) such that
S(p)#£W forall peU(pY). (12)
Indeed, if our claim were false then there would exist {p* = (£, gk)},‘ji1 € P con-
verging to p°, such that
S(pHy=0 forallk>1. (13)

By the lower semicontinuity of C at p°, there would exist A > 0, y* € C(p¥) N
clIB%(xO,A) such that yk — xY as k — o0o. For each k = 1,2, ..., since S(pk) =0
it follows that there must exist zX € C(p¥) \ B(x°, 1) such that

A5 - foh <o (14)

(otherwise for all z € C(p*) \ B(x%, 1), fX(z) = f*(y*). This implies that f¥ has a
minimizer on C(p*) NcIB(x%, 1)). Consider the following two possible cases:

(a) A subsequence of {zk } converges. We can assume that limy_, o =20, Letting
k — oo in (14), we obtain from the closeness of C at p° that z° € C(p®) and

2@ = a0 <o.
Hence, z° = x°, which contradicts z° € C(p®) \ B(x?, ).
(b) limy_s o0 [|2¥ || = +00. Without loss of generality, we can assume that
k
kli)rgom=2 Izl = 1.
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By the convexity of f¥, we have

1 1
fk(mzk+<l_||zk||) ) rOY = k||(f =1

It follows from (14) that

1
fk(u K +<l_m)yk)_fk(yk)<o' ()

4+ - dHykec(pb) forall k > 1. Letting k — oo in (15), we

[E]

Obviously,
have

llz kll

24x%eC(p® and G +x%— 0% <o.
Hence Z + x° = x°, which is impossible. Combining cases (a) and (b), we have
proved (12).
It remains to prove that S is lower semicontinuous at p°. Let { p* = (f*, gk Ve, C

P be a sequence such that p* — p¥ as k — oo. Then, by (12), there exist ko > 1 and
xK € C(p*) such that

K eSpry forall k> k.

Since C is lower semicontinuous at po, it follows that for each k = 1,2, ... there
exists w* € C(p*) such that limg_, oo w* = x°. Clearly,

ek = Ay <0 forall k > ko. (16)
Then {xk},‘:o=1 is bounded. Indeed, if limg_, o |x¥|| = +00 then, we can assume that
xk
lim — =X, x| =1.
Am X1l

It follows from the convexity of f¥ that

1
k k+<1__>> kwky < keky — FRwk
/ (u q 4 e =g ku(f A
Letting k — 0o, we can assert from (16) that
f+x%eCp® and oG +x% - 010 <o.

This implies that £ + x° = x°, a contradiction. Hence, {xk},fi1 is bounded.

Without loss of generality, we can assume that limy_, xk=xec( po). It follows
from (16) that fO(x) — f%(x%) < 0. Thus, ¥ = x°. The proof is complete. O

Final in this section, we recall a important result from [24] on the convergence of
subdifferentials of convex functions.
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Lemma 2.6 [24, Theorem 24.5] Let ¢ € CO[R"] and {¢*}3>, C CO[R"] such that
@ converges pointwise to ¢ on an open convex set D C R" as k — 0o. Let x € D
and {xk}lfil C D converging to x. Then, for each ¢ > 0, there exists an index kg € N
such that

A" (x*) c dp(x) +eB  forall k > ko.

3 Lipschitz Stability of the Solution Map

In this section we present sufficient conditions for the pseudo-Lipschitz property of
the solution set mapping S of PCSI at the nominal parameter.
We first recall a optimality condition for PCSI at a given point.

Lemma 3.1 Let p® = (f°, %) € P. Suppose that p° satisfies the Slater constraint
qualification. Then x° is a solution of PCSI, if and only if

—3arx%n [cone( U ag,(x0)> + NQ(xo)i| £ .

teT (x0)
Proof 1t is immediate from Theorem 4.1 in [22]. O

From the above optimality condition we can establish the following result, which
is useful in the sequel. | 7| denotes the cardinality of 7.

Proposition 3.1 Ler p° = (f0, g% € P and x° € S(p°). Suppose that the following
conditions hold:

() p° satisfies the Slater constraint qualification;
(ii) There is no Ty C T (x9) with |Ty| < n satisfying

—3r°%:% N [cone(U 8g?(x0)> + st(xo):| # 0.
teTy

Then, the following statements are valid:

(@) for any {(p*,x*) = (fk,gk,xk)},‘(’il C gphS which converges to (p°,x°) =
(19, 8% x0) in gph S, there exist uF € df*(x*), tl.k € Tpk(xk), u{‘ € Bgfk(xk) and

)\{.‘ > 0forie{l,2,...,n}, such that

n
—uk — Z)»fuf‘ € No(x) for k large enough
i=l

and {ull‘, e u’,‘l}forms a basis of R™;
(b) S(p°) = {x%}.
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Proof (a) It is easily seen that p satisfies the Slater constraint qualification in a
some neighborhood of 0. Let {(p*, x5 = (f. g%, xk)},‘zil be a sequence of gphS
such that {(pk, x%)} converges to (p°, x% = (f9,¢% x0 € gph S. Since (pk, x*y —
(p°, x%) as k — oo, it follows that p¥ satisfies the Slater constraint qualification for k
large enough. Applying Lemma 3.1, we can assert from the Carathéodory’s theorem
that, for k large enough, there exist ¢ € N, uk e afk(xhy, tl.k €T (xhy, uf € agfk (x5

and)»{?>0forie{l,2,...,q},suchthatq§n,

q
—uk =3 " 1fuf € No(xh), (17)

i=1

and {uf |i=1,...,q}is alinearly independent system.

It remains to prove that g = n. Conversely, suppose that ¢ < n. By the compact-
ness of T, we can assume, by taking a subsequence if necessary, that {tl.k} converges
tosome t; € T foreachi € {1, ..., q}. Since tl.k €T (tl.k), it follows from Lemma 2.2
that 1; € o (x?).

We claim that, for each i € {1, ..., g}, there exists A; > 0 such that

klirgloxf=xi. (18)

Indeed, if our claim were false then, by taking a subsequence if necessary, we can
assume that there exists ig € {1, ..., g} such that

lim kf = 4-o00.
k—oo 10
Put pf := 37 A%, k > 1. Then limy_, o u* = 400, and there is no loss of gen-
L . Ak
erality in assuming that the sequence {M_'k}kzko converges to some p; > 0 for each

i €{l,...,q}. Dividing by u* in (17) and letting k — oo, we deduce from assump-
tion (i), the robustness of the normal cone [10, p. 58], Lemma 2.6 and the compactness
of the subgradient of a convex function that

q q
—Zmui € No(x%) with Z“i =1
i=1 i=1

and u; € 9gf) (x°). This means that 0, € co({9g)(x%) | 7 € T,0(x")}) + Na(x°), which
contradicts the assertion of Lemma 2.3, and (18) follows.
Letting k — oo in (17), we get u € 9f*(x°), u; € 9g) (x°) (i =1,2,....9),

q
—M—Z,uiuieNQ(xO) with {t1,.... 1} CTp(x")andg <n,  (19)

i=1

which contradicts assumption (ii). Thus, g = n.
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(b) Since x° € S( po), it follows from the Carathéodory’s theorem and assump-
tion (ii) that there exist u € 8f0(x0), t; € Tpo(xo), u; € 8g2 (x% and A; > 0 for

i e€f{l,...,n},suchthat {ui, ..., u,} is a basis of R"” and
n
—u— Y " Aiuj € No(x°). (20)
i=1
Take any
yeS(pY).

Then, for each i € {1, ..., n}, gg(xo) =0 and

iy —x%) < gp(v) — g7 (%) = g ().

Hence,
(ui, y —x°) <0. 21)
Besides,
n
<—u — Z)»,-u,-, y —x0> <0.
i=1
Therefore,

0=r20 = 06" = (u,y =x% = = " hifui, y —x% = 0.

i=1

This implies that Y 7, A;(u;, y — x% =0 and so, (u;, y — x% = 0 for every i €
{1,...,n}. Since {ui,...,u,} is a basis of R”, it follows that there exist the real
numbers B;, i € {1,...,n}, such that y — x° = Y7 Biui. Hence,

Uy =<1 = (y =x% y =20 = Biui, y —x%) =0,
i=1

Thus y = x°. The proof is complete. O

Note that in [6] the combination of both conditions (i) and (ii) of Proposition 3.1
is referred to as extended Niirnberger condition; for more details and discussions we
refer the reader to [5-7].

Let {Ky},,_, be a sequence of compact sets of R” defined as in (1). The following
lemma is useful in the sequel.

Lemma 3.2 Let © be a compact subset of R" and let {x* 1io, be a sequence be-
longing 1o ©\ {0}. Let { f*}22, C CO(R") and f € COMR™). Iflimy 0“2 =0

flk

k
then, for each m € N such that ® C K, one has limy_, o W =0.
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Proof Let m € N be sufficient large such that ® C K,,. Since the function y (r) :=
—— is increasing on Ry := [0, +o00[, we have

14+r
k k
Sm(f 7{) S 5m+k(f 7{) fOreVerykz].
L+6m(f* ) — 1+ 8mk (f5, )
Obviously,
N O A)) <ii 8;(f5 1) ot )
: r < : — =: . ).
i=m+12l1+8m(f 7f) j=12j1+8](f ’f)
Hence
1 8u(ft,
0< - mULD gk )
2 1+ 8m(f5, 1)
and so,
k k
0< 1 ' (SM(fk’f)Sa(fk’f)-
201 +8m(f*, ) I [l
Combining this with Lemma 2.1 we obtain the aimed conclusion. g

We now state the main result.

Theorem 3.1 Ler p° = (f°, g% € P and x° € S(p°). Suppose that the following
conditions hold:

() p° satisfies the Slater constraint qualification;
(ii) There is no Ty C Ty (x9) with |Ty| < n satisfying

—3r°%:%n [cone(U 8g?(x0)> + NQ(XO):| # 0.

teTy
Then S is pseudo-Lipschitz at (p°, x°).

Proof Let p® = (9, g%) € P and x° € S(p°). Suppose, in the contrary to our claim,
that there exist a sequence {x¥ re; € R" converging to x0, the sequences {p* =
(f%, gk)}zil and {p* = (f*, g")};go:l in P, both converging to p°, such that x* e
S(p*) and

d(xF, S(pX)) > kdso (p*, p*)  forall k > 1. (22)

Since S is lower semicontinuous at p® by Lemma 2.5, it follows that there exists
ke S(ﬁk) satisfying 7% - x0 as k - 4o00. Hence, by (22), for each k > 1 and
xk #* x*, we have

aX{a(fk,f") aoo(gk,g")}_doo(p",ﬁ’v 1

) = = = —-. 23
Ik = 3|7 flek — 3K lF 5 Tk @9
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From Proposition 3.1, it follows that, for k large enough, there exist uk e afk(xky,
i@t € df (N, 1f € Ty (M), 1 € T (), uf € 3glh (x*), i} € 385 (Fh), Af > 0,

)_\f.‘ >O0foralli =1,2,...,n,such that both {u/f, e u],j} and {ﬁ/f, e, ﬁﬁ} form bases
of R" and
n n
—uF — Z,\fuf € No(xh), —i* - Z,\fﬁf € No(xh). (24)
i=1 i=1
By taking a subsequence if necessary, we can assume that, for each i € {1,...,n},

the sequences {tik }e=ko and {f_,-k}kzko converge to some #; and f;, respectively. Then,
by Lemma 2.2, we obtain

t ieToa"), iefl,2,....n)

As in the proof of Proposition 3.1, we can assume that {)\f}kzko and {Xf Y=k, con-
verge to some A; and A;, respectively. Letting k — oo in (24), we deduce from as-
sumption (i), the robustness of the normal cone [23, p. 58], Lemma 2.6, and the
compactness of the subgradient of any finite-valued convex function that, by taking
a subsequence if necessary, limg_, oo wk=ue 8f0(x0), limy_ oo itk =i € 8f0(x0),
limy o0 it = it; € 9g) (x°) withi €{1,2,...,n}, and

n n
—u— Y " hiuj € No(x°), —it — Y it € No(x°). (25)
i=l1 i=l1

From the Carathéodory’s theorem and assumption (ii), it follows that A; > 0, x>0
foralli =1,...,n,andboth {uy,...,u,}and {uy, ..., u,} must be basis of R".

Let {Ku};,_, be a sequence of compact subset of R" defined as in (1). Then there
must exist m € N such that

=k k k =k
{x*—x }13117{)5 }13113{35 }]?il CKy.

On the hand, since tl.k € Tpk(xk) and ¥* € S(p*) c C(p*) forevery i € {1,...,n}, it
follows that

gh (=0, g <o
Hence,
{1, T — 2 < g (7 — g (") < g () = g () < Sl 8J0)-

Therefore,

_ S k , =k
< L P — > m(gtik gtik) 6)

u-, — < — .
Uk — xR [lxk — XK
Furthermore,

o (g, g5 <supa(gl, 85 =100 (8", 85 <dws(p*, %) VI eT.
teT
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This and (23) imply

o(g k’gk)

lim ——— =0 Vie{l,2, 27
k0o [Ixk — TK] fed n 7

. . =k __ k
By taking a subsequence if necessary, we can assume that {m}kzko converges

to some z € R"” with ||z|]| = 1. Letting kK — oo in (26), we obtain from (27) and
Lemma 3.2 that

wi,z2) <0 Yie{l,...,n). (28)

Besides, the first inclusion in (24) implies

<—u —Z,\,u,,f —x> 0. (29)

Dividing both sides of (29) by |l x* — x*|| and letting kK — oo, we can assert from (28)
that

)<Y hilui,z) <0, (30)
i=1

On the another hand, since t_ik € T (x*) and x* € S(p*) c C(p*) for every i €
{1, ..., n}, it follows that

ghH =0,  gheh <o

This implies that

u

<—k Xk—ik > 6 (gkvgl\)

R S A
In the same manner we see that, for every i € {1, ...,n},
n
(i, —z) <0, )< Dkl
i=1
Hence,
n
(@i,2) =0, (=ii,2) =Y Ailit;, 2) > 0. 31

By the convexity of f* and f*, we have
A W EVACORFAIC
and

(i, x* — 5%y < fEEE) — FR G5,
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Therefore,

(g, ¥ — x5y + (g, 2% — 75 < £RGR — FEER + RO - Rad)
<28 (fr fo)- (32)

Dividing both sides of (32) by |lx* — %% and letting k — oo, we can assert from (23)
and Lemma 3.2 that

<M, Z> + (l/_[? _Z) S 07
and so,
(—u,z) <(-u,z). (33)
Combining (28), (30), (31), and (33) we conclude that, for every i € {1, ..., n},
(i, z) = (ui, z) =0.

Since both {ulf, u’,j} and {12’{, e ﬁﬁ} are basis of R”, it follows that z =0, a
contradiction. The proof is complete. O

The next example illustrates Theorem 3.1.

Example 3.1 For PCSL, let T =[1,2], P :=COR) x C{(R x T') and Q2 :=R. Let
P2 = (£, g% e P be defined by fO(x) = x% 4+ 3x +2Vx € R, and

gto(x)z—x—t VieT, xeR.

Then C(p°) = [—1, 4+o0[. Let x* = —1 € S(p”). We now check the assumptions
of Theorem 3.1. Clearly, £ = 3 is a Slater element for p® and so, assumption (i)
is fulfilled. Let us examine assumption (ii). It is easy to show that df 0(x% = {1},
T,0(x%) = {1} and Nq(x°) = {0}. If there exists Ty C T,0(x") such that | Ty| < 1 then
To = . Hence

-3« n [cone(U ag?(x°)> + NQ(XO):| =9,

teTy

and assumption (ii) is fulfilled. Applying Theorem 3.1 we conclude that S is pseudo-
Lipschitz at (p°, x9).

The following examples show that the assertion of Theorem 3.1 may be false, if
one of the assumptions (i) and (ii) is violate.

Example 3.2 For PCSI, let T = {1,2,3}U[4,5] CR, P := CO(R?) x C;(R? x T)
and Q := ]R%_. Let p° = (f9, g%) e P be formulated by

O =(xn)? ¥x=(x1,x)eR?

@ Springer



252 J Optim Theory Appl (2011) 148: 237-256

—x1, ift=1,2,
Q) =1 —x, ifr=3,
X1 4+x2—1, ifre[4,5], Vx = (x1,x2) € RZ.

Let x0 := (0, 0) € S( po). We now check the assumptions of Theorem 3.1. Clearly,
X = (Alf, %) is a Slater element for po. However, assumption (ii) is violate. Indeed,
we have T @9 ={1,2,3}, To=1{2} C T (x%) and |Ty| = 1 < 2. It is easily seen
that 3f°(x%) = (0,0), 3g9(x?) = {(~1,0)} and Ng(x?) = —R2. It follows that
cone(U,eTo 8g?(x0)) =—R, x {0} and

%% n [cone(U ag?(x°)> + st(xo)i| = {0}.
teTy

We next examine the pseudo-Lipschitz property of S at (p°,x°). Let {p* =
(0, g")}2°, C P be asequence such that

ax2—xy, ifr=1,

. —x1, ifr =2,
X) =

sO=1_., if =3,

x1+x—1, ifrel4,5].

We claim that pf = (f9, g*) = p° = (f°, g% as k — oo. Indeed, it is sufficient
to show that g€ — g% as k — oo. Let {Kn};,_, be a sequence of compact subset
of R? such that K, := m(clB), where B stands for the open unit ball of R2. Then
R? = U, K. Clearly,

1 .
= fr=1

Sm(gF, %) ;= max |g"(x) — g%(x)| = 21 '

m (8t 81) i lg; (x) — g; ()] 0. ifr €{2,31U4,5].

Hence, a(g{‘, g?) =0fort e{2,3} U[4,5], and for t = 1 we have

00 k g0 .-
1 om(g].8)) ! L]
k ,0y._ T S o7 PN T

m=1 m=1

Then 000 (g*, %) := max,er o (g, g¥) < 21_1( and so, g€ — g% as k — oo.
We see that S is not pseudo-Lipschitz at (p°, x°). Indeed, taking 13" = (f9g"),
K =(1,0) € S(p*) and x* € S(p*) = {(0, 0)}, we have

1
1=d@E, S > 5 = kd(p', j") V=1,
Thus, S is not pseudo-Lipschitz at (p°, x9).
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Example 3.3 For PCSL let T =[0,1]U {2}, P :=COR) x C;{(R x T) and Q :=R.
Let p° = (9, g% € P be defined by

FP)=x+1, VxeR,

0( ) —tx —t, ifte]0,1],
X) =
& 0, ift =2, VxeR.

Then, C(po) =[—1, 4o0o[. Let x” = —1. We now check the assumptions of Theo-
rem 3.1. Clearly, p® does not satisfy the Slater constraint qualification by gg x)=0
for all x € R. Hence, assumption (i) is violate. Let us examine assumption (ii). It
is easily seen that 9f°(x°) = {1}, T,0(x) = [0, 11U {2} and Nq(x°) = {0}. If there
exists Tp C Tpo (x9) such that |Ty| < 1 then Ty = @. Hence,

3% n [cone<U ag?(xo)) + NQ(XO):| =0

teTy

and so, assumption (ii) is fulfilled.
We next check the pseudo-Lipschitz property of S at (p°, x%). We have S(p®) =
{(—1).Let p* = (f°. g5 e P,

o) = {—tx—ﬂwrk, ifte[k}rl, 1,

0, if1 €0 U {2}

el

We claim that p* — p° as k — oo. Indeed, it is sufficient to show that g&¥ — g°

as k — oo. Let {Km}jjle be a sequence of compact subset of R such that K,, :=

m[—1,1]. Then R = [ J_, K. Clearly,

0, if t € {0, 2},
Sn(gf, &) = max |gf (x) = g/ (V)| = 1(m + 1), if1€]0 ,,;1[

et eyl ifre A1)
k k> k+1°
Hence, o (gf. g) =0 for ¢ € {0,2}. For t € 17, 1] we have
L 8m(g,8) ( 1 1) 1
k t> 5t
o(g ,g T o=\t —.
e g " ~|—5m(g,,gt) k k mZ=12m
This implies a(gf‘,g?) = ——t+ T L forallr e [k+1’ 1]. For t €10, k+1[we have
SR SRSNIUES NS S B VRS R S
t2 8¢ m:12 1+tm+1) :2 _+(m+1)—m:2 .
Therefore,
o00(g", 8°) :=rtn€aTx0(gf, g) < g
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and so, g€ — g% as k — oo. This implies that p* — p° as k — oo. It is a simple
matter to check that S(p¥) = {0} for every k > 1. Thus, S is not pseudo-Lipschitz at
(P°,x0).

We now consider a special case of PCSI which has the form
(CSD(¢,py: min f(x)+ clx subjectto x e R", g, (x) <b;, t €T,

where ¢ € R", ¢T denotes the transpose of ¢, f: R" > Rand g;: R" > R (t € T)
are given convex functions such that (x, ) — g;(x) is continuous on R" x T', and
b € Cy(T)-the set of all continuous functions on 7. The set of feasible points of
(CSID)(,p) is denoted by I'(c, b). S(c, b) stands for the set of all solutions of (CSI),. ).
The set of active constraints at x € I'(c, b) is given by

Teny(x):={t €T | g (x)=b}.
The following corollary is an immediate consequence of Theorem 3.1 by taking
f)=f@) +c’x, gx,t)=g(x)—b,, and Q=R".

Corollary 3.1 [5, Theorem 10] For (CSD) ), let ¢® € R", % € Co(T) and x° €
S(cY, b°). Suppose that the following conditions hold:

(i) (0, bO) satisfies the Slater constraint qualification;
(ii) There is no To C T .0 40,(x%) with |To| < n satisfying

—(+ar°aN)N cone( U ag?(x0)> £ .

teTy

Then S is pseudo-Lipschitz at ((CO, bo), xo).

4 Application to Linear Semi-Infinite Optimization Problems

In this section we establish sufficient conditions for pseudo-Lipschitz property of
the solution mapping of parametric linear semi-infinite optimization problems at the
nominal parameter.

Let T be a nonempty compact metric space and let Co(7) and Co(T,R") be,
respectively, the set of all continuous mappings

b:T—-R and a:T—>R"

normed by

[16lloc := sup |b(#)| and ||a |l := sup [la (D) ]|,
teT teT

where || - || denotes Euclidean norm in R”.
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For every triple of parameters p = (¢, a,b) € P :=R" x Co(T,R") x Co(T) we
consider the linear semi-infinite problem

(LSI),, min(c, x) subjecttox € C(p),

where C(p) := {x € Q|(a(t),x) < b(t) forevery t € T} and Q2 is a nonempty closed
convex subset of R”.

Theorem 4.1 Let p° = (co, ag, bo) € P and x° € S(p°). Suppose that the following
conditions hold:

() p° satisfies the Slater constraint qualification;
(i1) There isno To C T} (x9) with |Ty| < n satisfying

—co € cone({ap(t) | 1 € To}) + N (x?).
Then S is pseudo-Lipschitz at (p°, x°).

Proof The assertion of the theorem follows by the same method as in the proof of
Theorem 3.1 with dy () replaced by | - ||« as well noting that (v, — vy, x) < /n|lv —
V]loo|lx || for every v, v € Co(T,R"), x € R" and forevery t € T'. O

Finally, in the case that Q = R” and p just depends on the parameters ¢ and b,
i.e., the problems under consideration become the linear semi-infinite optimization
problems under continuous perturbations of the right-hand side of the constraints and
linear perturbations of the objective function. For this class of problems, the pseudo-
Lipschitz property holds, if and only if both conditions (i) and (ii) of Theorem 4.1
hold at the nominal parameter, as shown in [5, Theorem 16]. However, we do not
known at present how to proceed with the case that p depends on the triple of para-
meters ¢, a and b.

5 Concluding Remarks

We have established sufficient conditions for the pseudo-Lipschitz property of the
solution map of parametric convex semi-infinite optimization problem (PCSI) under
convex functional perturbations of both objective function and constraint set. More-
over, examples are provided to illustrate the obtained results. An application to para-
metric linear semi-infinite optimization problems is also given.
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